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Motivation and Contribution

• Fault-tolerance: Given a quantum error-correcting code (QECC), if a quantum operation
is performed on an encoded block of qubits, and a single component of the circuit fails, then the
number of errors in the output state should be within the error-correcting capacity of the code.

• Part of the goal: For a chosen code, determine the circuits that realize non-trivial operations on
the logical qubits. These physical circuits are called the logical operators for the code.

• Many works have concentrated on constructing codes with good properties and also on optimizing
a given circuit for complexity or fault-tolerance, with respect to a chosen gate set.

• We provide a systematic and efficient algorithm for synthesizing logical Clifford operators on
stabilizer codes. We also reveal the exact degeneracy in realizing these encoded operations. Our
enumeration of all valid circuits can be useful in a compiler choosing codes even dynamically.
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We do this for logical Clifford operations on stabilizer QECCs

Our algorithms, along with more utilities, are available open-source at:
https://github.com/nrenga/symplectic-arxiv18a
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Figure 1: (top) Problem of Encoded Computation. (bottom) An abstract representation of our contribution.

Heisenberg-Weyl Group and Symplectic Vector Spaces

• The single qubit Pauli or Heisenberg-Weyl operators are given by
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• Bit-flip (X |v〉 = |v ⊕ 1〉) and phase-flip (Z |v〉 = (−1)v |v〉) anti-commute: XZ = −ZX .

m-qubit Pauli (or) Heisenberg-Weyl Group HWN (N = 2m): Operators ικD(a, b), where
D(a, b) , Xa1Zb1 ⊗Xa2Zb2 ⊗ · · · ⊗XamZbm ∈ U2m, (2)

a = (a1, . . . , am), b = (b1, . . . , bm) ∈ Fm2 , κ ∈ {0, 1, 2, 3} and UN is the unitary group.

• Example: D(a, b) |v〉 = (−1)vbT |v + a〉 ⇒ D(11010, 10110) |10101〉 = |01111〉.
(XZ ⊗X ⊗ Z ⊗XZ ⊗ I2) |10101〉 = XZ |1〉 ⊗X |0〉 ⊗ Z |1〉 ⊗XZ |0〉 ⊗ I2 |1〉 = |01111〉.

• Symplectic Inner Product: For row vectors [a, b], [a′, b′] ∈ F2m
2 , define

〈[a, b], [a′, b′]〉s , a′bT + b′aT = [a, b] Ω [a′, b′]T (mod 2), where Ω =
[

0 Im
Im 0

]
. (3)

• D(a, b)D(a′, b′) = (−1)〈[a,b],[a′,b′]〉sD(a′, b′)D(a, b)⇒ commute iff 〈[a, b], [a′, b′]〉s = 0.

Isomorphism γ : HWN/〈ικIN〉 → F2m
2 defined as γ(D(a, b)) , [a, b].

Clifford Group and Symplectic Matrices

CliffN , NUN (HWN ): all g ∈ UN s.t. gHWNg
† = HWN (normalizer of HWN in UN).

Gate Unitary Matrix Action on Paulis
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CNOT1→2(X ⊗ I2)CNOT†1→2 = X ⊗X = X1X2

Controlled-Z CZ12 ,
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CZ12(X ⊗ I2)CZ†12 = X ⊗ Z = X1Z2

Symplectic Representation: Define E(a, b) , ιab
T
D(a, b). If g ∈ CliffN then

gE(a, b)g† = ±E
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)
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]
is symplectic, (4)

i.e., FgΩFTg = Ω, and hence preserves inner products: 〈[a, b], [a′, b′]〉s = 〈[a, b]Fg, [a′, b′]Fg〉s.

E.g., g = CZ12, Fg =




1 0 0 1
0 1 1 0

1 0
0 1


 : g(X ⊗ I2)g† = gE(10, 00)g† = E

(
[10, 00]Fg

)
= E(10, 01) = X1Z2.

Homomorphism φ : CliffN → Sp(2m,F2) defined as φ(g) , Fg, where Sp(2m,F2) is the binary
symplectic group. Note that for g ∈ HWN we have Fg = I2m, i.e., HWN is the kernel of the map φ.

Stabilizer Codes and Logical Pauli Operators

• k-dimensional Stabilizer: commutative subgroup S ⊂ HWN generated by linearly independent Hermitian operators
E(aj, bj) , ιab

T
D(aj, bj), j = 1, . . . , k.

• [[m,m− k, d]] Stabilizer Code: The 2m−k dimensional subspace V (S) jointly fixed by all elements of the stabilizer S,
i.e., V (S) ,

{
|ψ〉 ∈ CN : g |ψ〉 = |ψ〉 ∀ g ∈ S

}
.

• The [[6, 4, 2]] CSS Code: S , 〈gX , X⊗6 = E(111111, 000000), gZ , Z⊗6 = E(000000, 111111)〉.
• CSS Construction: Let C be the [6, 5, 2] single-parity check code (m = 6). The dual C⊥ ⊂ C is the [6, 1, 6] repetition

code with generator GC⊥ = HC = [1 1 1 1 1 1]. Two possible generator matrices for the coset space C/C⊥ are:

GXC/C⊥ =




1 1 0 0 0 0
1 0 1 0 0 0
1 0 0 1 0 0
1 0 0 0 1 0


 =:




h1
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h4


 or GZC/C⊥ =




0 1 0 0 0 1
0 0 1 0 0 1
0 0 0 1 0 1
0 0 0 0 1 1


 =:




h′1
h′2
h′3
h′4


 . (5)

• So if we have a 4-qubit logical state |x〉L then the CSS code will encode this into the physical state
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• For the [[6, 4, 2]] CSS code the logical Pauli operators are: X̄j = D(hj, 0) = X1Xj+1, Z̄j = D(0, h′j) = Zj+1Z6.

Synthesis of Logical Clifford Operators for Stabilizer Codes

• Conditions on ḡ: ḡX̄jḡ† = h̄ if gLXL
j (gL)† = hL ∈ HW2m−k and ḡZ̄jḡ† = h̄′ if gLZLj (gL)† = (h′)L ∈ HW2m−k.

• Synthesizing gL = CZL12 for the [[6, 4, 2]] CSS code: Find physical operator ḡ = CZ12 that normalizes S and satisfies

CZ12X̄jCZ
†
12 ,





X̄1Z̄2 if j = 1,
Z̄1X̄2 if j = 2,
X̄j if j 6= 1, 2

, CZ12Z̄jCZ
†
12 , Z̄j ∀ j = 1, 2, 3, 4. (7)

• Using the symplectic representation translate these into constraints on the desired symplectic matrix for CZ12:

CZ12X̄1CZ
†
12 = X̄1Z̄2⇒ X̄1 = X1X2

CZ127−→ X1X2Z3Z6
γ,φ⇐⇒ [110000, 000000]FCZ12

= [110000, 001001]

CZ12X̄2CZ
†
12 = Z̄1X̄2⇒ X̄2 = X1X3

CZ127−→ X1X3Z2Z6
γ,φ⇐⇒ [101000, 000000]FCZ12

= [101000, 010001]
... ... ... ... ...

CZ12 g
X CZ†12 = gX ⇒ X⊗6 CZ127−→ X⊗6 = X1X2 · · ·X6

γ,φ⇐⇒ [111111, 000000]FCZ12
= [111111, 000000]

CZ12 g
Z CZ†12 = gZ ⇒ Z⊗6 CZ127−→ Z⊗6 = Z1Z2 · · ·Z6

γ,φ⇐⇒ [000000, 111111]FCZ12
= [000000, 111111].

One possible solution

⇒ FCZ12
=
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]
, B =
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0 0 1 0 0 1
0 1 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 1 1 0 0 0
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⇒
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• We solve such symplectic systems of linear equations using binary symplectic transvections.
• Definition: Given a row vector h ∈ F2m

2 , the corresponding symplectic transvection Zh : F2m
2 → F2m

2 is defined as
Zh(x) , x + 〈x, h〉sh ⇔ Fh , I2m + ΩhTh ∈ Sp(2m,F2). (8)

Our Generic Algorithm

1 Determine the target ḡ by specifying its action on X̄i, Z̄i: ḡX̄iḡ
† = X̄ ′i, ḡZ̄iḡ

† = Z̄ ′i. Add conditions to normalize or centralize S.
2 Using the maps γ, φ, transform these relations into linear equations on Fḡ ∈ Sp(2m,F2), i.e., γ(X̄i)F = γ(X̄ ′i), γ(Z̄i)F = γ(Z̄ ′i). Add

the conditions for normalizing the stabilizer S, i.e., γ(S)F = γ(S ′).
3 Find the feasible symplectic solution set Fḡ using symplectic transvections and “nullspace-like” properties of symplectic matrices.
4 Factor each F ∈ F into a product of elementary symplectic transformations, possibly using the algorithm given in [Can17], and

compute the physical Clifford operator ḡ.
5 Check for conjugation of ḡ with S, X̄i, Z̄i. If some signs are incorrect, post-multiply by an element from HWN as necessary to satisfy

these conditions (apply [NC10, Prop. 10.4] to S⊥ = 〈S, X̄i, Z̄i〉). Note that every Pauli operator in HWN induces the symplectic
transformation I2m, since HWN is the kernel of the map φ, so post-multiplication does not change the target symplectic matrix F .

6 Express ḡ as a sequence of Clifford gates, obtained from the factorization in step 4, which yields the desired physical circuit.
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Figure 2: Logical Hadamard operator H̄1, synthesized by Chao and Reichardt [CR17] (left), and using our generic algorithm (right). This
illustrates that, while our algorithm yields all symplectic solutions for the desired logical operator ḡ, the decomposition we use from [Can17]
may not yield lowest circuit complexity or fault-tolerance. Hence, our circuits can potentially be further optimized for such purposes.

Summary of Our Technical Results

• For an [[m,m− k]] stabilizer code, the number of symplectic solutions for each logical Clifford operator is 2k(k+1)/2. Our generic
algorithm above details the steps to determine all solutions and their circuits, using a particular decomposition of symplectic matrices.

• For an [[m,m− k]] stabilizer code with stabilizer S, each physical realization of a given logical Clifford operator that normalizes S can
be converted into a circuit that centralizes S, i.e., commutes with every element of S, while realizing the same logical operation.

• Given a sequence of binary vectors xi, yi, i = 1, . . . , t ≤ 2m s.t. 〈xi, xj〉s = 〈yi, yj〉s, there exists a symplectic matrix F , expressible as
a product of at most 2t transvections, s.t. xiF = yi. We also given an explicit algorithm to compute such a matrix.

• Let {(ua, va), a ∈ {1, . . . ,m}} be a collection of pairs of binary vectors that form a symplectic basis for F2m
2 , where ua, va ∈ F2m

2 .
Consider a system of linear equations uiF = u′i, vjF = v′j, where i ∈ I ⊆ {1, . . . ,m}, j ∈ J ⊆ {1, . . . ,m} and F ∈ Sp(2m,F2). Let
α , |Ī| + |J̄ |. Then there are 2α(α+1)/2 solutions F to the system. We also give an algorithm to efficiently enumerate them.
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